























ON THE QUANTIZATION OF C∞(Rd)
MURRAY GERSTENHABER
To the memory of my wife, Ruth z”l
Abstract. An infinitesimal deformation of C∞(Rd) has a vanishing primary
obstruction if and only if its skew form is Poisson, and therefore is integrable
to a full deformation of C∞(Rd) by the work of Kontsevich. This is further






ential equations. The single such equation in the case d = 3 suggests that a
big bang might be localized to an instant in time and point in space. This note
also reexamines the Basic Universal Deformation Formula (UDF) which asserts
that if D1,D2 are commuting derivations of an associative algebra A over the
rationals then exponentiation of D1⌣D2 provides a full deformation of A. It
gives further applications to quantization and to UDFs with non-commuting
derivations.
1. Introduction
The idea that algebras may deform first appeared in [9] and was developed in
[11], [12], [13], [14], but has a deep historical background in the deformation theory
of complex analytic structures, beginning with Riemann. He showed that compact
Riemann surfaces of genus g depend on 3g − 3 complex parameters for g ≥ 2, one
for genus one, while for the sphere there is but one possible complex structure,
up to analytic isomorphism. Since the parameters are continuous, the concept of
infinitesimal deformations was already inherent in Riemann’s work, but these were
first formalized by Teichmüller, [31], as quadratic differentials. They are, however,
meaningful only in one complex dimension; the breakthrough understanding that
infinitesimal deformations of a complex manifold exist in the cohomology of its
sheaf of germs of holomorphic tangent vectors is due to Frölicher and Nijenhuis,
[8]. This opened the way for the monumental works of Kodaira and Spencer, for
a comprehensive overview of which see [22]. That there could be obstructions to
infinitesimal deformations, which do not appear for Riemann surfaces since there
can be none in complex dimension one, was described by Kodaira and Spencer
as an accidental discovery. While these and jump deformations [4], [14],[15, §7,
p. 20ff], which are important for quantization, were not fully understood until
the development of algebraic deformation theory, it is worth remembering that the
present theory rests on over a century and a half of prior work.
Deformation quantization, an important advance in algebraic deformation in-
troduced by Bayen, Flato, Frønsdal, Lichnerowitz, and Sternheimer, [1], showed
that quantum theory, in particular the spectrum of the hydrogen atom, can be
understood, without the use of Schrödinger’s equation. For a summary of this
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and some later developments, see [29] and [6]. Subsequent to [1], deformation and
quantization, as used in the title to this note, have become almost synonymous for
algebras.
The question originally asked in [9] is, given an algebraA over some commutative
unital ring k, in what ways can one create a deformation of that algebra with
multiplication of the form
(1) a ⋆ b = ab+ ~F1(a, b) + ~
2F2(a, b) + · · ·
while remaining in the same “equationally defined category” [12], or in present
terms, category of algebras defined over a particular operad. The notation and
term “star product” were introduced in [1].
For associative algebras, the Fi in (1) are Hochschild 2-cochains of A with coef-
ficients in A itself, tacitly extended to be defined over A[[~]]; we may write F0 for
the original multiplication in A. Here F1 must be a 2-cocycle, often loosely called
the infinitesimal of the deformation although, because of gauge equivalence, an in-
finitesimal is properly a cohomology class. A main problem is to determine which
infinitesimals, viewed loosely as 2-cocycles, are those of full deformations, some-
thing which depends only on its cohomology class. Given a 2-cocycle F1, there
generally is a sequence of cohomological obstructions to constructing the necessary
Fi, i ≥ 2. A full deformation as in (1), if it exists, is often called an integral of F1.
A Universal Deformation Formula (UDF) is one which, for some class of in-
tegrable 2-cycles, gives an explicit integral. The simplest of these asserts that if
D1, D2 are commuting derivations of an algebraA, then a suitably defined exponen-
tial of D1⌣D2 is an integral. This “Basic” UDF first appeared in [13] but without
proof; we give two proofs here. The first shows that the assertion in [13] is formally
correct, i.e., that a certain sequence of formal identities holds. The second can deal
with convergence issues when D1, D2 are derivations of C
∞(Rd). This addresses
the problem that the star product of (1) is only a formal power series in which it
may not be meaningful, a priori, to specialize the deformation parameter ~ to an
element of the coefficient ring k or of an algebraic extension of it. Nevertheless, the
Basic UDF exhibits the the first Weyl algebra, which encapsulates the uncertainty
relation between position and momentum, as a deformation of the polynomial ring
in two variables. Clifford algebras are, likewise, deformations of graded polynomial
rings, when degree is taken into account. We also show that the basic UDF can be
shown to underly the first UDF with non-commuting derivations, [5].
Kontsevich’s proof that Poisson infinitesimal deformations of C∞(Rd) are inte-
grable, [23], also consists in exhibiting a remarkable UDF in which, however, the
coefficients are not rational. His proof uses fundamental work of Stasheff, [28], who
introduced the concept of homotopy Lie and associative algebras, something now
also understood for algebras over operads. Using different methods, Tamarkin [30],
almost simultaneously, gave another proof of the integrability of Poisson structures.
The passage from quantizing C∞(Rd) to quantization of the algebra of smooth func-
tions on a d-dimensional smooth manifold was accomplished by Cattaneo, Felder,
and Tomassini, [3]. Dolgushev, [7], later showed that if a solution exists, then there
is a rational one.
Perhaps the most important remaining problem is to determine which infinites-
imals are Poisson. An infinitesimal deformation is a cohomology class from which
we may choose representatives, in particular a unique one which is antisymmetric
or skew, as Poisson 2-cocycles are. It is shown here that the primary obstruction
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to an infinitesimal deformation vanishes if and only if its unique skew representa-
tive is Poisson. Any infinitesimal deformation of C∞(Rd) with vanishing primary
obstruction is therefore integrable. Kontsevich showed, in effect, that the primary
obstruction is, in this case, the only one. The vanishing of the primary obstruction






non-linear partial differential obstruction equations which the coef-
ficients of the representative of the infinitesimal must satisfy. When d = 2 there
are no obstructions; all infinitesimal deformations give rise to quantizations. For
d = 3, the single obstruction equation shows that an arbitrarily large deformation
can be localized to an arbitrarily small region in space and interval of time; in the
limit one has a “big bang” localized to a point in space and moment in time.
2. Deformation theory
Star products a ⋆ b =
∑
~iFi and a ⋆
′ b =
∑
~iF ′i are gauge equivalent if there
is a one-parameter family γ of k-linear automorphisms of A of the form γ(a) =
a + ~γ1(a) + ~
2γ2(a) + · · · , where the γi are linear maps from A to itself, again
tacitly extended to be defined over A[[~]], such that a ⋆′ b = γ−1(γ(a) ⋆ γ(b)). The
algebras that ⋆ and ⋆′ define on the underlying k-space of A are then isomorphic,
and one has F ′1 = F1 + δγ, where δ is the Hochschild coboundary operator.
If F,G are 2-cochains of A then F ◦1G, F ◦2G, F ◦G are the 3-cochains defined
by setting, respectively,
(2) (F ◦1 G)(a, b, c) = F (G(a, b), c), (F ◦2 G)(a, b, c) = F (a,G(b, c)),
and
(3) (F ◦G)(a, b, c) = (F ◦1 G− F ◦2 G)(a, b, c) = F (G(a, b), c)− F (a,G(b, c));
these are special cases of the composition products ◦i and ◦ introduced in [9]. The





Fi ◦ Fn−i = 0 for all n.





Fi ◦ Fj = −δFn.
When n = 1 the left side vanishes, so F1 must be a 2-cocycle, usually called, as
we may do here, the infinitesimal of the deformation although, because of gauge
equivalence, it is the cohomology class of F1 which should be viewed as the infini-
tesimal. When a 2-cocycle F1 is given, the question of whether one can construct
a formal deformation of A as in (1) depends only on the cohomology class of F1.
When F1 is a cocycle then so is F1 ◦ F1. Its cohomology class in H
3(A,A),
which depends only on the class of F1, is its primary obstruction, but F1 ◦ F1 is
also commonly called the primary obstruction. When F1 ◦F1 is a coboundary, one
can choose an F2 with −δF2 = F1 ◦ F1 and one can ask if an F3 exists so that
one can continue building the series. However, (5) with n = 3 shows that one may
encounter another obstruction in H3(A,A), and so on indefinitely. If, with a given
2-cocycle F1, we are able to construct a series such as that in (1) with the given
F1, then that series is said to be an integral of the infinitesimal F1 and to quantize
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A. When A is the algebra C∞(Rd) of smooth functions on Rd the integral is also
said to quantize Rd. While in principle one may encounter an infinite sequence
of obstructions, Kontsevich [23]’s work, together with what is shown here, implies
that an infinitesimal deformation F1 of C
∞(Rd) has only the primary obstruction;
if that vanishes then there is a star product with the given F1.
An algebra A for which all deformations are gauge equivalent to the trivial
deformation, i.e., the one where the star product is just the original multiplication,
is called rigid. This will be the case if every infinitesimal deformation is ultimately
obstructed and certainly if H2(A) = 0, in which case the algebra is called absolutely
rigid or stable, in the terminology of [8]. A tensor product of stable algebras need
not be stable, as will be seen.
When H3(A,A) = 0 every infinitesimal deformation is integrable. In particular,
this is the case for C∞(R2) by the Hochschild-Kostant-Rosenberg (HKR) Theorem,
[21]. That theorem asserts that H∗(C∞(Rd)) is isomorphic, as a module over
C∞(Rd), to the exterior algebra generated by the partial derivatives, ∂1, . . . , ∂d
with respect to the coordinates x1, . . . , xd. In particular, H
3(C∞(R2)) = 0, so
there are no obstructions. The original formulation of the HKR Theorem was more
restrictive. For a proof of the present form, cf. Roger, [26]. Note, however, that
the module isomorphism does not carry the exterior product on ∧∗ DerA to the
cup product on H∗(A,A), cf [2].
If D1, . . . , Dn is a sequence of derivations of A (which need commute or be
distinct), and I = (i1, . . . , ir) is a subsequence of (1, . . . , d), set DI = Di1Di2 · · ·Dir
and let Ic denote the ordered complement of I. Then δ(D1D2 · · ·Dn) = −
∑
Ic DI⌣
DIc , where the sum is over all non-empty ordered proper, i.e., neither empty nor
the whole, subsequences of (i1, . . . , ir). In particular, for any pair of derivations
D1, D2 of A, we have δ(D1D2) = −(D1⌣D2 + D2⌣D1). Therefore, D1⌣D2 is
cohomologous to −D2⌣D1 and also to (1/2)(D1⌣D2 − D2⌣D1), provided that
2 is a unit. It follows from the HKR Theorem that every 2-cocycle of C∞(Rd) is
cohomologous both to one in normal form
∑
1≤i<j≤d aij∂i⌣∂j and to one in skew
form
∑
1≤i<j≤d(aij/2)(∂i⌣∂j − ∂j⌣∂i). While an infinitesimal deformation is a
cohomology class, the skew and normal representatives of the class are commonly
also called “infinitesimal deformations”.
3. The Basic Universal Deformation Formula
The concept of a Universal Deformation Formula (UDF) was introduced (with-
out the present name or proof) in [13, Ch. II, Lemma 1, p. 13], where what we here
call the Basic UDF was stated in the context of Composition Complexes. These
include the cohomology groups of algebras, coalgebras, and simplicial complexes.
A UDF exhibits in closed form an explicit integral for some class of 2-cocycles,
considered as infinitesimal deformations. The Basic UDF is used here only for de-
formations of an associative algebra A, in which context we give two proofs. The
first remains essentially the same for coalgebras and simplicial complexes. The
methods of the second can be used to address convergence questions.
All Hochschild cohomology groups of an algebra A considered here will have
coefficients in A itself as a bimodule. That cohomology is frequently called the
regular (Hochschild) cohomology and will henceforth be denoted simply H∗(A),
and similarly for cochains. Note in what follows that if a is a central element of
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A and F a cocycle of any dimension, then aF is again a cocycle, and if D is a
derivation, then Da is again central.
The product of 1-cochains of an associative algebra A is always well defined as
their composition. For 2-cochains of the form f⌣g, where f, g are 1-cochains, one
can not generally define a product by setting (f1⌣g1)(f2⌣g2) = f1f2⌣g1g2, for if a
is a central element of A, then as 2-cochains one has a(f⌣g) = af⌣g = f⌣ag but
such changes in representation will usually change the product. Suppose, however,
that we have a set of commuting derivations {Di} of A. When I = {i1, . . . , ir}
is an unordered set of indices of the Di, set, as before, DI = Di1 · · ·Dir . (When
the set I is empty, interpret DI as the identity map A; when I and J are both
empty then DI⌣DJ is the multiplication map.) The foregoing problem then does
not arise when multiplication is restricted to 2-cochains of the form DI⌣DJ . In









n when A is defined over Q.
In the following, “formal” means that no assertion is made that the deformation
parameter ~ in the series defining a ⋆ b, a, b ∈ A can actually be specialized to
any value in the coefficient ring. The symbol ~ originally denoted the reduced
Planck’s constant, h/2π, where h ≈ 6.626176 × 10−34 joule-seconds is Planck’s
original constant; its use to denote a deformation parameter derives from the fact
that Planck’s constant may, in fact, be viewed as such, cf [1], [16].1
Theorem 1 (The Basic UDF). If D1, D2 are commuting derivations of an asso-
ciative algebra A over a ring k containing the rationals, Q, then the multiplication
defined on A[[~]] by









is associative and defines a formal deformation of A.




2 in (4), what must be shown is





























































1Correction to Theorem 8 of [16]: In view of the remark at the end of §2 (not §1) it should
read, “...the coherent twist of the path algebra induced by ω is trivial only if the class of ω is
trivial as an element of H2(M.R/τR).”
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On the right side of (8) we can replace now replace the dummy variable i by n− j
and j by n− i. The sum remains formally over the same set of indices since i ≥ j
if and only if n − j ≥ n − i. As D1 and D2 commute, the right side of (8) then
becomes identical to the right side of (7), proving the assertion. ✷
As an example, suppose that we have algebras A1,A2 defined over a ring k
containingQ with respective derivationsD1, D2 which are not inner. ExtendD1, D2
to derivations of A1 ⊗k A2 by setting D1(a1 ⊗ a2) = D1a1 ⊗ a2, D2(a1 ⊗ a2) =
a1 ⊗ D2a2. These extensions commute, so D1⌣D2 can be exponentiated to a
full non-trivial deformation of A1 ⊗ A2 even when both A1 and A2 are stable.
The simplest example is that where A1 = A2 = k[x], a polynomial ring in one
variable, in which case A1 ⊗ A2 ∼= k[x, y], a polynomial ring in two variables, and
D1 = ∂x, D2 = ∂y. In this case the deformation parameter can be specialized to
any element in the coefficient ring because the series defining a ⋆ b terminates for
any two fixed elements a, b ∈ k[x, y].
The Basic UDF has the following immediate extension.
Theorem 2. If Di, i = 1, . . . , n are commuting derivations (not necessarily all
distinct) of an algebra A over Q and cij , i, j = 1, . . . , n are central elements which
are constants for all the Di, i.e., central elements of A with Dkcij = 0 for all i, j, k
then exp
∑n
i,j=1 cij(Di ⌣ Dj) quantizes A. ✷
Proof. Any derivation which commutes with all Di, Dj remains a derivation
after the deformation which they induce. A pair of such therefore induces a further
deformation. As the derivations commute, the product of the exponentials involved
is the exponential of the sum of the exponents. ✷
In the example above, one has x ⋆ y = xy + ~ while y ⋆ x = yx, so the star
commutator is [x, y]⋆ = ~. This exhibits the first Weyl algebra as a deformation
of C[x, y]. It is also an example of a jump deformation: The algebras defined for
all values of ~ other than zero are isomorphic. As a consequence, the infinitesimal
of the deformation, ∂x⌣∂y, becomes a coboundary in the star multiplication, see
e.g., [17]. By the HKR Theorem, dimH1(C[x, y]) = 1 and dimHn(C[x, y]) = 0 for
n > 1. It follows that the cohomology of the deformed Weyl algebra vanishes in
all positive dimensions, see, e.g., [17]. This was first proven in Sridharans’s thesis,
[27]. For a discussion of jump deformations see, e.g., [15, §7, p. 20ff], [17].
Clifford algebras can similarly be viewed as deformations of exterior algebras.
The latter are graded algebras, so one must follow Koszul’s rule of signs. In the
smallest case, let A be the four dimensional exterior algebra over a field k generated
by a two dimensional vector space spanned by x and y, each of which has degree
1. For simplicity, assume that the characteristic of k is not 2. Here ∂x, ∂y are both
derivations of A of degree -1 which commute in the sense that ∂x∂y = −∂y∂x, and
each has square equal to zero. (The square of a derivation of odd degree always
must be zero when the characteristic is not 2, since it commutes with itself.) The
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exponential exp(∂x⌣∂y) reduces to id⌣ id+ ∂x⌣∂y. With the star product it
induces, one still has x ⋆ x = y ⋆ y = 0 but now x ⋆ y = xy + 1, while y ⋆ x = yx, so
x ⋆ y+ y ⋆ x = 1. Therefore, (x+ y)⋆2 = 1, (x− y)⋆2 = −1, so the deformed algebra
is the Clifford algebra Cl1,1(k).
Theorem 1, in more general form, was first explicitly stated in [13, Lemma 1,
p.14], but is already implicit in two important papers on quantum mechanics, Groe-
newold, [20], 1946, and Moyal, [25], 1949. The algebra being deformed in both is the
algebra of observables C[p, q] in phase space (for simplicity here in one dimesion);
before deformation the position variable q and momentum variable p commute,
but after deformation satisfy the uncertainty relation qp − pq = i~. As remarked
before, this is an example of a jump deformation, which always has the effect of
reducing the space of cohomology classes of infinitesimal deformations because the
infinitesimal of a jump deformation becomes a coboundary after deformation, [17].
When that space is reduced to zero the algebra involved has become stable. In
our evolving understanding of physical laws they seem in certain respects to reflect
stable algebraic structures, which is what makes jump deformations important for
quantization.
If A1,A2 are algebras over the same field k with vanishing regular cohomology
in all positive dimensions then the same is true of of their tensor product, a special
case of [24, Theorem 4, p. 207]. It follows that if in C∞[q1, . . . , qd, p1, . . . , pd] one
takes as infinitesimal deformation i~
∑d
i=1(∂qi⌣∂pi), then the resulting deformed
algebra, in which qipi− piqi = i~ for all i but pi and qj still commute for i 6= j, has
no regular cohomology in positive dimensions. In particular, it is stable.
In the preceding examples, the power series defining the star product of any two
fixed elements of the algebra being deformed actually terminates, which permits
specialization of the deformation parameter to an element of the ground ring. This
will not be the case in general, so we give a second proof of Theorem 1 which may
allow this in particular for some cases where A is C∞(Rd).
Proof 2 of Theorem 1. As a model for an algebra A with a pair of commuting
derivations, take the algebra of smooth functions of two complex variables, x, y with
D1 = ∂x, D2 = ∂y. There is then a subalgebra of this A for which the associativity
of the star product is easily seen, namely that generated by functions of the form
eλxeµy, so written because the first factor is a constant for ∂y and the second for
∂x. Computation shows readily that
(9) (eλ1xeµ1y) ⋆ (eλ2xeµ2y) = e~(λ1+µ2)(e(λ1+λ2)xe(µ1+µ2)y),
from which the associativity of the star multiplication for these functions is im-
mediate. It follows that the associativity of the star product must hold for all
functions which can be written as finite double Fourier series. The nature of the
resulting product shows that one can then pass to limits, so the Basic UDF is valid
for functions representable by Fourier series. If we now take x and y to be periodic,
then any polynomial in x and y can be written as a double Fourier series, so the
star product must be associative for these. The associativity of the star product is,
however, a consequence of a sequence of rational identities, so this implies that it
must hold identically.✷
From Theorem 2 the following is immediate.
Theorem 3. Suppose that f1, . . . , fn are smooth functions on R
d where each fi is




i<j cijfi∂i⌣fj∂j is an infinitesimal deformation of C
∞(Rd) which is
integrable by exponentiation. ✷
Infinitesimal deformations of C∞(Rd) of the form
∑
i<j cijfi∂i⌣fj∂j , where the
cij are constants and each fi is a function only of the one variable xi, will be called
basic. Its powers suggest a definition for the powers of an arbitrary infinitesimal.
For brevity, henceforth we will write (i|j) for ∂i⌣∂j , (ij|k) for ∂i∂j⌣∂k, (i|j|k)
for ∂i⌣∂j⌣∂k, and so forth. In the foregoing, setting aij = fifj, one can verify the
following.
Theorem 4. For all 1 ≤ i < j ≤ d, 1 ≤ k < l ≤ d, one has
aij(i|j)akl(k|l) = aijakl(ik|jl) if
i is distinct from k and j from l, but where we may have i = l or j = k
aij(i|j)ail(i|l) = aij∂iail(i|jl) + aijail(ii|jl) if j is distinct from l,
ai(i|j)akj(k|j) = aij∂jakj(ik|j) + aijakj(ik|jj) if i is distinct from k,
aii(i|i)aii(i|i) = ∂iaii∂iaii(i|i) + aii∂iaii(ii|i) + aii∂iaii(i|ii) + aiiaii(ii|ii).
✷
These relations allow one to write F 21 , and hence all powers F
n
1 as well as expF1,
in terms of the aij and their derivatives without reference to the fi. The same
formulas are meaningful for a general infinitesimal F1 =
∑
1≤i<j≤d aij(i|j) whether
basic or not, but expF1 will generally not be an integral of F1, for if that were the




1 ). It is the difference between
these that gives rise to the obstruction equations discussed later.
4. A UDF with non-commuting derivations.
Theorem 3 provides another approach to the following proposition from [5], which
was the first UDF with non-commuting derivations. In it, [x]n denotes the “de-
scending factorial”, [x]n = x(x − 1) · · · (x− n+ 1).
Theorem 5. Suppose that D1, D2 are derivations of an algebra A over Q such that
[D1, D2] = D1. Then D1⌣D2 is an integrable infinitesimal deformation of A with
integral
e(~, D1, D2) :=
idA⌣idA + ~D1⌣D2 + (~
2/2!)D21⌣[D2]2 + · · ·+ (~
n/n!)Dn1⌣[D2]n + · · · .
Proof. The UDF asserted here is essentially a sequence of formal identities in
D1, D2 within the universal enveloping algebra of the two-dimensional Lie algebra
generated by D1, D2. If we can exhibit an explicit associative algebra A with
derivations D1, D2 having an isomorphic universal enveloping algebra then, as in
the second proof of Theorem 1, this will serve as a model in the sense that any
proposition about the universal enveloping algebra which holds in this model must
be true in general. We can model D1 and D2 as derivations of the algebra of
smooth functions of x and y by mapping D1 to e
−y∂x and D2 to ∂y, but must
show that the natural map of the universal enveloping algebra of the Lie algebra
generated by D1 and D2 onto the algebra of operators generated by e
−y∂x and
∂y is an isomorphism. The commutation relation between D1 and D2 implies
that the universal enveloping algebra is, as a module over the ground ring, free
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with generators all monomials of the form Dm1 D
n
2 , with m,n ≥ 0. The analogue
clearly also holds for the algebra of operators generated by e−y∂x, ∂y, so they are
isomorphic. Now D1⌣D2 = e
−y∂x⌣∂y , but this can also be written as ∂x⌣e
−y∂y,









It is a simple induction to show that for every λ ∈ C and positive integer n one has
(e−λy∂y)
n = e−ny∂y(∂y − λ)(∂y − 2λ) · · · (∂y − (n− 1)λ).
In particular, for λ = 1, one has (e−y∂y)
n = e−ny[∂y]n. The right side of (10) can




n⌣[∂y]n, proving the theorem. ✷
5. The differential subcomplex
There is a differential subcomplex, C•diff(C
∞(Rd)), of the Hochschild complex
C•(C∞(Rd)) of C∞(Rd) generated by the derivations ∂1, . . . ∂d with respect to its
coordinates x1, . . . , xd. Its 0-cochains are the elements of A. The module of n-
multiderivations (biderivations in the case of cohomological dimension n = 2) is
spanned by the n-fold cup products of these. Simple 1-cochains are of the form
a∂i1∂i2 · · ·∂ir , where a ∈ C
∞(Rd), r is arbitrary, and there may be duplications
amongst the indices. The module of 1-cochains is composed of sums of such cochains
of various orders. Simple n-cochains are cup products of simple 1-cochains. The
differential order of such a cup product is the sum of the orders of its cup factors.
A general n-cochain is a sum of simple ones, possibly of different differential orders;
it is homogeneous if the orders are the same.
The Hochschild coboundary operator preserves differential order. While the
differential subcomplex is closed under the composition product, the composi-
tion product of homogeneous cochains is generally no longer homogeneous. The
HKR theorem implies that the inclusion of the differential subcomplex into the full
Hochschild complex induces an isomorphism of cohomology.
Using the notation preceding Theorem 3, the HKR theorem also implies that
Hr(A) can be identified with the A module spanned by all forms (i1|i2| · · · |ir) with
i1 < i2 < · · · < ir, since the class of any skew form also has a unique representative
in that module.
6. Poisson structure and the primary obstruction
A Poisson structure on a commutative algebra A is a second multiplication
[a, b], a, b ∈ A, which is skew, [a, b] = −[b, a], a biderivation, [ab, c] = a[b, c]+ b[a, c],
and satisfies the Jacobi identity,
(11) [a, [b, c]] + [b, [c, a]] + [c, [a, b]] = 0,
making A with this second multipliation into a Lie algebra. The expression on the
left of (11) is called the Jacobiator of the bracket product; it will be denoted here
as a cyclic sum,
∑
	
[a, [b, c]]. Note that a Jacobiator is skew in all three variables.
A Poisson manifold M is one with a Poisson structure on its algebra of smooth
functions.
Lemma 1. Let f be a skew 2-cocycle of a commutative algebra A over a ring k in
which 2 is a unit. Then f is a biderivation.
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Proof. For a skew 2-cochain f of a commutative algebra one has the identity
(δf)(a, b, c) + (δf)(c, a, b)− (δf)(a, c, b) = 2[af(b, c)− f(ab, c) + bf(a, c)].
✷
Lemma 1 suggests that a skew n-cocycle of a commutative algebra should be a
multiderivation when the characteristic is 0 or sufficiently large. Recall from the
HKR Theorem that every element ofH2(C∞(Rd)) has a unique skew representative
2-cocycle, which by Lemma 1 is a biderivation.
Theorem 6. Let Π be a skew 2-cocycle of a commutative algebra A defined over a
ring k in which 3! is a unit. Then Π is Poisson if and only if its primary obstruction
vanishes.
Proof. The primary obstruction to Π is the cohomology class of Π ◦ Π. In view of
Lemma 1 it is sufficient now to show that
∑
	
Π ◦ Π(a, b, c) = 0. Since Π is skew,
we can also write Π ◦ Π(a, b, c) as Π(Π(a, b), c) + Π(Π(b, c), a). This is necessarily
a 3-cocycle which is furthermore skew in its first and third variables, a and c. One
can write the skew part of Π ◦ Π as (1/3!)(
∑
	
Π ◦ Π −
∑
	
(13)Π ◦ Π where on
the right, the transposition (13) indicates that the first and third variable should
be interchanged. In place of the transposition (13) one could have taken any 2-




Π ◦Π, so the obstruction for Π is (1/3!)
∑
	
Π ◦Π. This 3-cocycle is skew in
all three variables and by the HKR Theorem is the unique skew representative of
its cohomology class. It therefore vanishes if and only if the obstruction to Π does.
✷
The proof of Theorem 6 implicitly reproduces the case of dimension 3 of the de-
composition of commutative algebra cohomology introduced in [18]. An immediate
corollary is
Theorem 7. Poisson structures on C∞(Rd) are in one-to-one correspondence with
those elements of H2(C∞(Rd)) whose primary obstruction vanishes. ✷
It follows from the work of Kontsevitch [23] that the primary obstruction is the
only obstruction; an infinitesimal whose primary obstruction vanishes is integrable
to a full deformation. Since the higher order terms in Kontsevich’s UDF come
from various partial derivatives of the coefficients in the infinitesimal deformation,
it follows that the full deformation so constructed will vanish wherever all the
coefficients of its infinitesimal do.
7. The obstruction equations
If an infinitesimal deformation F1 of C
∞(Rd) were basic then, as remarked at the










, are non-linear partial differential equations in the coefficients of




1 ); the primary
obstruction to F1 vanishes if and only they are satisfied. The terms in F1 ◦ F1 are
in natural one-to-one correspondence with those in F 21 , with aij(ij) ◦ akl(kl) in the
former corresponding, in the notation of Section 3, to aij(i|j)akl(k|l) in the latter.




1 ). The terms of differential order




1 ) must coincide since that would be the case if all the
coefficients were constants. While F 21 contains terms of differential order 2, these
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are cocycles and will not contribute to its coboundary. The obstruction equations
arise, therefore, from the difference between the terms of order 3 of F1 ◦ F1 and
δ(− 12F
2
1 ). Let F1 =
∑
1≤i<j≤d aij(i|j). Analogous to the products in Theorem 4,

















Each composition product above gives rise to two terms of the form bijk(i|j|k),
where there may be a single repetition among i, j, k. A brief examination will show
the following.
Theorem 8. The sum of all the terms bijk(i|j|k) in F1 ◦ F1 in which there is a
repetition amongst i, j, k is precisely δ(− 12F
2
1 ). ✷




1 ) is just the sum of those terms without rep-
etitions. The vanishing of the primary obstruction to a general infinitesimal F1
is therefore equivalent to having the sum of those terms without repetitions be a
coboundary. When the dimension d = 2, the HKR theorem implies that there can
be no obstructions; every infinitesimal deformation is then integrable. For every
obstruction must lie in H3(C∞R2), whose elements are uniquely represented by co-
cycles of the form
∑
1≤i<j<k≤d aijk(i|j|k), but there can be no such cocycles when
d = 2. When d ≥ 3, for every triple (i, j, k) with 1 ≤ i < j < k ≤ d a term
of the form bijk(i|j|k) appears amongst the composition products above, e.g., in
aii(i|i) ◦ ajk(j|k). If (i
′, j′, k′) is a permutation of (i, j, k) then (i′|j′|k′) is coho-
mologous to +(i|j|k) if the permutation is even, and to −(i|j|k) if the permutation
is odd. Therefore, the sum of the terms without repetitions is cohomologous to
a unique sum of the form
∑
1≤i<j<k≤d aijk(i|j|k). Here the aijk are expressions
in the coefficients aij of F1 =
∑
1≤i<j≤d aij(i|j) and their partial derivatives with












equations in the coefficients of F1.
8. The obstruction equation in dimension d = 3
In dimension 3, an infinitesimal deformation has the form F1 = a12(1|2) +
a13(1|3) + a23(2|3), and there is just one obstruction equation. One has
F1 ◦ F1 =
a12(1|2) ◦ a12(1|2) + a13(1|3) ◦ a13(1|3) + a23(2|3) ◦ a23(2|3)+
a12(1|2) ◦ a13(1|3) + a13(1|3) ◦ a12(1|2)+
a12(1|2) ◦ a23(2|3) + a23(2|3) ◦ a12(1|2)+
a13(1|3) ◦ a23(2|3) + a23(2|3) ◦ (a13(1|3).
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After expanding the composition products above, one has
F1 ◦ F1 − δ(−
1
2
F 21 ) =
(a12∂1a13)(1|3|2) + (a13∂1a12)(1|2|3)+
− (a12∂2a23)(1|2|3) + (a23∂2a12)(1|2|3)+
− (a13∂3a23)(1|2|3)− (a23∂3a13)(2|1|3).
As
(1|3|2) = −(1|2|3) + δ(1|23)
and
(2|1|3) = −(1|2|3)− δ(12|3),
we can write the sum of the foregoing terms as
[−a12∂1a13 + a13∂1a12 − a12∂2a23 + a23∂2a12 − a13∂3a23 + a23∂3a13](1|2|3)
+ δ(a12∂1a13 + a23∂3a13)(1|23)
The single obstruction equation in dimension 3 is therefore
(12) − a12∂1a13 + a13∂1a12 − a12∂2a23 + a23∂2a12 − a13∂3a23 + a23∂3a13 = 0.
In (12), if F1 is replaced by ϕF1, where ϕ is a smooth function of x1, x2, x3, then
the terms in which ϕ is differentiated cancel, so the summand on the left side is
just multiplied by ϕ. Therefore, if it is satisfied by a triple of smooth functions
(a12, a13, a23) of x1, x2, x3, then (ϕa12, ϕa13, ϕa23) is also a solution. This implies
the following.
Theorem 9. If F1 is an infinitesimal deformation of C
∞(R3) whose primary ob-
struction vanishes then the same is true of ϕF1 for any ϕ in C
∞(R3). In particular,
if a skew biderivation F1 of C
∞(R3) is Poisson, then so is ϕF1. ✷
We do not know if the analogous statement holds in dimensions d > 3. In
dimension 3, Theorem 9 gives a partial order on integrable infinitesimals of C∞(R3),




1 = ϕF1 for some ϕ, and an equivalence relation when also
F1 ≺ F
′
1 ≺ F1. It also implies, for dimension 3, that if F1 is a basic infinitesimal
of C∞(R3) then ϕF1 is integrable for any ϕ in C
∞(R3); such infinitesimals will be
called quasibasic.
In any open set in which no coefficient of F1 = a12∂1⌣∂2+a13∂1⌣∂3+a23∂2⌣∂3
vanishes we can take their quotients and rewrite the obstruction equation as





For a basic infinitesimal F1 = f1f2∂1⌣∂2+f1f3∂1⌣∂3+f2f3∂2⌣∂3 the stronger
equations
(14) ∂1(a12/a13) = ∂3(a13/a23) = ∂2(a23/a12) = 0
hold. The analog is true in all dimensions.
Theorem 10. Let F1 =
∑
i<j aij∂i⌣∂j be an infinitesimal deformation of C
∞(Rd)
where d is arbitrary. Suppose that the aij are all invertible, and that for all {i, j, k}
with i < j < k we have ∂i(aij/aik) = ∂j(aij/ajk) = ∂k(aik/ajk) = 0. Denote
aij(x1, . . . , xi−1, 0, xi+1, . . . , xd) by aij(x̂i). Then aij/aij(x̂i) can be written in the
form 1 + xiui, where ui is not a function of xi.
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Further, if the dimension is 3 then F1 is quasibasic; there are single variable
functions f1, f2, f3 of x1, x2, x3, respectively, and a function ϕ such that
a12 = ϕf1f2, a13 = ϕf1f3 a23 = ϕf2f3.
Proof. For the first part, we can write aij/aij(x̂i) = 1+xiuij for certain functions
uij . Suppose that i < j < k; the other cases are similar. By the hypotheses,
[aij/aij(x̂i)]/[aik/aik(x̂i)] is not a function of xi but equals (1 + xiuij)/(1 + xiuik),
so the latter is not a function of xi. When xi = 0 it is equal to 1, so it is identically
equal to 1. It follows that uij = uik.
Now let d = 3, so F1 = a12∂1⌣∂2 + a13∂1⌣∂3 + a23∂2⌣∂3. We may assume,
without loss of generality, that a12 = 1. From the hypotheses it then follows that
a13 is not a function of x1 and a23 is not a function of x2. It follows that a13(x̂3)
is a function only of x2, which we write as 1/f2, and that a23(x̂3) is a function
only of x1, which we write as 1/f1. Then a13 = (1 + x3u3)/f2, where u3 can be a
function only of x2 and x3, and similarly a23 = (1 + x3u3)/f2, where u3 now can
be a function only of x1 and x3. Therefore, it is a function of x3 alone. Denoting
(1 + x3u3) by f3, the original F1 is therefore equivalent to an infinitesimal with
a12 = 1, a13 = f3/f2, a23 = f3/f1. Multiplying by f1f2 gives the desired result. ✷
We do not know if the analogous result holds in higher dimensions.
9. localization
Kontsevich’s UDF is local in the following sense. If F1 =
∑
ij aij∂i⌣∂j is a
Poisson infinitesimal deformation of C∞(Rd) then, in any open set where all the aij
vanish, the star product of functions which that UDF defines is just their ordinary
product. In the special case of dimension 3, it follows from Theorem 9 that if ϕ
is an arbitrary smooth function of x1, x2, x3, then ϕF1 can be integrated to give
a star product which reduces to the ordinary multiplication of smooth functions
in any open set where ϕ vanishes. Taking ϕ to be arbitrarily large at some point
and zero outside an arbitrarily small neighborhood of that point, it follows that we
can have a star product which in that small neighborhood makes large changes to
the multiplication of functions but which outside its closure makes none. We do
not know if this can be extended to higher dimensions in a way in which involves
differentiation with respect to all the variables, but it can be extended in a simple
way.
Suppose that the first three variables are spatial variables and that we have a
fourth dimension, say time, t. If ψ(t) is a smooth function then ψ(t)ϕ(x1, x2, x3)F1
will again be integrable as an infinitesimal deformation of R∞(x1, x2, x3, t) since F1
involved only the space variables. We may now take ψ(t) to be arbitrarily large at
some point t0 but vanishing outside an arbitrarily small neighborhood of t0. In the
limit, one has a “big bang” localized at a point in space and time.
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